
Fall 2021 Instructor: Vidya Muthukumar

ECE 8803: Online Decision Making in Machine

Learning

Homework 3
Released: Oct 1 Due: Oct 18

Objective. To facilitate hands-on experience with 1) concepts in convexity and how to approach
inequalities in proofs, and 2) the primary performance metric of pseudo-regret that is used in both
multi-armed bandits and reinforcement learning through a simple example.

Problem 1 (Online gradient descent with a time-varying, data-dependent learning
rate) 30 points In this problem, we consider solving online convex optimization by a slightly
different algorithm, i.e., online gradient descent (OGD). The basic procedure of OGD is as follows:
We begin with w1 = 0. For round t = 1, . . . , T , OGD firstly observes the gradient of `t(·) at wt,
i.e., ∇`t(wt), then preforms a descent step towards the gradient direction with learning rate ηt > 0,

zt+1 = wt − ηt∇`t(wt),

and next projects the result into the decision set to get wt+1:

wt+1 = ΠB[zt+1],

where
ΠB[z] = arg min

w∈B
‖w − z‖22

denotes projecting z onto a convex set B.
This algorithm is related to FTRL, but slightly different. In FTRL, we ran the update from

the unconstrained decision vector zt as:

zt+1 = zt − η∇`t(wt) (1)

and then projected zt+1 onto the convex set B. We also considered a fixed learning rate η. However,
we will now show that these algorithms have similar performance, and OGD allows us to consider a
time-varying, data-dependent learning rate. You will find it useful to review the notes of Lectures
8 and 9 for answering this question.

(a) If we set the learning rate of OGD as η1 = η2 = · · · = η > 0, and also ignore the projection
steps in OGD and FTRL (review Equation 9.6 for the latter), then what is the relationship
between the two algorithms?

(b) Let w∗ be the optimal decision in hindsight, defined as w∗ = arg min
w∈B

∑T
t=1 `t(wt). Prove

that for every value of t ≥ 1, we have:

‖wt+1 −w∗‖22 ≤ ‖wt −w∗‖22 + η2t ‖∇`t(wt)‖22 − 2ηt(wt −w∗)
>∇`t(wt). (2)

Hint: (1) First prove that the right hand side of the above equation is equal to ‖zt+1−w∗‖22
using an appropriate quadratic identity on ‖a− b‖22. Then review Lecture 8 (Figure 8.1, and
the surrounding discussion) to recall what projection does to the distance.
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(c) Based on (2), prove that ∀t ≥ 1,

`t(wt)− `t(w∗) ≤
‖wt −w∗‖22 − ‖wt+1 −w∗‖22

2ηt
+
ηt
2
‖∇`t(wt)‖22.

Hint: Review Section 9.2.1, and make use of the first-order condition for convex functions to
start the proof. More specifically, if f(·) : B 7→ R is convex, then for any z1, z2 ∈ B, we have

f(z1) ≥ f(z2) + (z1 − z2)
>∇f(z2).

Then, combine your observation with the inequality that was derived in part (b).

(d) Based on (c), prove that the regret of OGD can be upper bounded by

T∑
t=1

`t(wt)− `t(w∗) ≤
‖w1 −w∗‖22

2η1
+

1

2

T∑
t=2

(
1

ηt
− 1

ηt−1

)
‖wt −w∗‖22 +

T∑
t=1

ηt
2
‖∇`t(wt)‖22.

Hint: Sum up the upper bounds derived in part (c). Then, relate the quantities
∑T

t=1
‖wt−w∗‖22−‖wt+1−w∗‖22

ηt

and
∑T

t=2

(
1
ηt
− 1

ηt−1

)
‖wt−w∗‖22. You may find it helpful to do this for the case T = 3 first,

to get intuition.

(e) Let ηt = 1√
t
. Prove that the regret bound of OGD is O(DG

√
T ), where G is an upper bound

on ‖`t(w)‖2 for all values of t.
Hint:
(1) note that 1

ηt
− 1

ηt−1
≥ 0, so

(
1
ηt
− 1

ηt−1

)
‖w1 −w∗‖22 ≤ 2D2

(
1
ηt
− 1

ηt−1

)
.

(2)We have
∑T

t=1
1√
t
≤ 2
√
T − 1.

(f) (BONUS – 5 points) Let ηt = 1√∑t
i=1 ‖∇`i(wi)‖2

. Prove that the regret bound of OGD is on

the order of O(D
√∑T

t=1 ‖∇`t(wt)‖22). Is this bound better or worse than the bound that you

derived in part (e)?

Hint: For nonnegative a1, . . . , at, we have
∑t

i=1
ai√∑i
j=1 aj

≤ 2
√∑t

i=1 ai. Also note that the

learning rate, as set, is decreasing with t.

Problem 2 (Understanding the pseudo-regret of greedy, pure-exploration and explore-
then-commit) 20 points In class, we introduced the two-armed Bernoulli bandit problem
through the motivation of drug discovery. In particular, we considered a 2-armed Bernoulli ban-
dit problem with reward parameters p1 = 0.2 and p2 = 0.7, corresponding to the mean efficacy of
Drugs A and B respectively on a patient. We claimed that the greedy algorithm and “only-explore”
algorithm were both highly suboptimal in terms of overall reward, but the explore-then-commit
algorithm did better. In this problem, we will formally explore this through the metric of pseudo-
regret (defined in Lectures 11 and 12).

All expectations and probabilities will be over the randomness in the reward sequence {Gt,i}t≥1
for i = 1, 2. You will find it useful to review the notes in Lectures 11 and 12 to solve this problem.
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(a) Consider the greedy algorithm with the default choice of picking arm 1 (drug A) on round
1, arm 2 (drug B) on round 2, and greedy thereafter. What is the probability that you will
always pick arm 1 round 3 onwards?

(b) Use the above sub-part to lower bound the pseudo-regret of the greedy algorithm. What is
the dependence of this lower bound on T?

Hint: Under the situation of part (a), what will the expected reward be from rounds 3 to T?
How does this compare to the benchmark of 0.7(T − 3)?

(c) Now, consider the “pure-explore” algorithm, which picks arm 1 on odd rounds and arm 2 on
even rounds. Calculate the exact pseudo-regret of this algorithm.

Hint: use the formula for pseudo-regret in terms of the expected number of times the subop-
timal arm was sampled.

(d) Finally, consider the explore-then-commit (ETC) algorithm from Lecture 11, where the arms
are sampled in a round-robin fashion for T0 < T rounds. Assume that T0 is even. Use
Hoeffding’s bound to derive an upper bound on the probability that you will always pick the
suboptimal arm 1 after T0 rounds.

(e) Use part (e) to derive an upper bound for the pseudo-regret of ETC with T0 exploration
rounds. What is the value of T0 that minimizes the upper bound? Use this choice to state
an upper bound on pseudo-regret in terms of T , the total number of rounds.

(f) (BONUS – 10 points) Repeat all of the above parts for arbitrary values of p1, p2. Denote
∆ = |p2−p1| and express your eventual bounds on pseudo-regret as a function of ∆. Suppose
that you did not know ∆ beforehand. Then, what is the value of T0 that minimizes pseudo-
regret over all values of ∆?

Hint: use the fact that pseudo-regret is also upper-bounded by ∆T .

Problem 3 (BONUS) 5 points What would you most like to explore in your course project?
What references and resources would be most helpful to assist in this choice?
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